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Note: These are QuestlQQ Academy’s own worked solutions to the Mathematics section only of
this paper (Physics and Chemistry are outside QuestIQ Academy’s Math-only scope). Section 1 =
one or more correct; Section 2 = single-digit integer.

Q.1

M,N are 3 x 3 matrices with MN = NM, M # N2, M? = N*. Which is (are) true about
M?+ MN??

Since MN = NM, M? — (N?)?2 = (M — N*)(M + N?)=0. As M # N% M — N? # 0; since
a nonzero matrix times another gives zero only if the second is singular, det(M 4+ N?) = 0. So
det(M? + MN?) = det(M) det(M + N?) = 0 (true (A), false (C)). Also there is a nonzero vector
v with (M + N%)v = 0, giving (M? + MN?)v = 0 for a nonzero matrix U built from v (true (B),
false (D)).
Answer: (A), (B)

Q.2

fyg : [0,1] — R continuous with max f = maxg on [0,1]. Which equality must hold for some
cel0,1]?

Let c¢,cy be points where f,g attain the common maximum M. Then f(cf) — g(cf) > 0
and f(cg) — g(cg) < 0, so by the IVT there is ¢ with f(c) = g(c). For any single function ¢
applied identically to both sides (as in (A): ¢(t) = t? + 3t, and (D): ¢(t) = t?), this common value
automatically gives ¢(f(c)) = ¢(g(c)). Options (B),(C) apply different functions to each side and

are not guaranteed.
Answer: (A), (D)

Q.3

f(z) = / e_(t"'l/t)%, x > 0. Which is (are) true?
1/z

e—(z+1/z) e—(z+1/z) 9¢—(z+1/x)
By Leibniz’s rule, f/'(z) = + = > 0 for all x > 0, so f is

T x x
increasing on all of (0,00) — true on [1,00) (A), false that it decreases on (0, 1) (B). Swapping the
limits of integration gives f(1/x) = —f(x), so f(z)+ f(1/x) = 0 (true (C)). Then f(277%) = —f(2%),
so F(x) = f(2%) satisfies F(—z) = —F(x), i.e. odd (true (D)).
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Answer: (A), (C), (D)

Q.4

f(x) = 2° — 52 + a. Root count for various ranges of a.

f'(x) = 5(z%—1), critical points = +1; local max f(—1) = a+4, local min f(1) = a—4. Three
real roots occur exactly when the local max is positive and the local min is negative: a +4 > 0
and a —4 < 0, i.e. —4 < a < 4 (true (D), false (C)). For a > 4, the local min is already positive,
so only one real root (true (B)); for a < —4 the local max is already negative, giving one root, not
three (false (A)).

Answer: (B), (D)

Q.5

[ a,b] = [1,00) continuous; g(x) =0 (x <a), [T f(t)dt (a <z <b), f;f(t)dt (x > b). Which
is (are) true?

At z = a: both one-sided limits of g equal 0 (continuous), but the left derivative is 0 while the
right derivative is f(a) > 1 — not differentiable (true (A)). At x = b: g is continuous (both sides
give f; f), but the left derivative is f(b) > 1 while the right derivative is 0 — not differentiable (true
(C)). This rules out (B) (fails at both points) and (D) (fails at both, not just one).

Answer: (A), (C)

Q.6

f(z) = [log(secz + tanz)]® on (—%,%). Which is (are) true?

Since sec(—z) +tan(—z) = secx —tanz = 1/(secz + tanx), u(x) = log(sec x + tan x) is odd, so
f = w3 is also odd (true (A), false (D)). Since v'(z) = secx > 0 throughout, u is strictly increasing,
hence so is f = u® (composition of increasing functions) — one-one (true (B)). As z — +7/2,
u — £00 so f — +o00; by continuity and the IVT, f is onto R (true (C)).
Answer: (A), (B), (C)

Q.7

PAMA); PQ Lliney=x,2=1; PR L liney=—x,z=—1; ZQPR =90°. Find possible A.

The foot of perpendicular from P to (¢,¢,1) occurs at t = A, giving @ = (A, A, 1); to (s, —s, —1)
oceurs at s = 0, giving R = (0,0, —1). Then PQ = (0,0,1 — \) and PR = (—\, =\, —1 — \); their
dot product is (1 — A)(—1 — A) = A2 — 1. Setting this to 0 gives A = #1; but A\ = 1 makes PQ =0
(degenerate, @@ = P), so only A = —1 is valid.

Answer: (C)

Q.8

.1, Z each of magnitude /2, pairwise angle m/3. @ # 0, d L & and @ L (§ x 2); 575 0,bL ¥ and
1

T
b L (Zx Z). Which is (are) true?
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Since @ L (yx 2), d lies in the span of ¥, 2: @ = ay+ (Z. Using -7 = 2- & = |y]|Z| cos(n/3) = 1,
the condition @ -7 = 0 gives a + 8 = 0, so @ = a(y — Z); then a - 1) = «, giving
@= (@ 9)(7— 2) (true (B), false (D)). By the same argument, b = (b -
b= (@9N0b-)(F-2)-(Z—F),and (§—2)- (F—F) =1-1-24+1 = —1, givinga-az—(a-g)(é'-z)
(true (C)).

Answer: (A), (B), (C)
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Q.9

Circle S through (0,1), orthogonal to (z — 1)* + y* = 16 and 2> + y*> = 1. Which is (are) true?
With S : 2% + y? + 29z + 2fy + ¢ = 0: passing through (0, 1) gives 2f + ¢ = —1. Orthogonality

with 22 + 3?2 — 1 = 0 gives ¢ = 1 (so f = —1). Orthogonality with 22 + y? — 2z — 15 = 0 gives

—2g=1-15= —14, s0o g = 7. Thus centre = (—7,1) (true (C)) and radius = /g% + f2 —c =

V4941 —1=7 (true (B)).

Answer: (B), (C)

Q.10

a b

b d>' Which condition guarantees invertibility?

M a 2 x 2 symmetric integer matrixz, M = <

(A) and (B) both force a = b = d, giving M = (Z Z) with det = 0 — always singular, false. (C):

a diagonal matrix with nonzero entries has det = ad # 0 — invertible, true. (D): det M = ad — b?;
if ad is not a perfect square it cannot equal b? (a perfect square), so det M # 0 — invertible, true.
Answer: (C), (D)

Q.11

a*+a—14
a+1
Write b = ak, ¢ = ak? for integer ratio k. The AM condition a+c = 2b-+6 becomes a(k—1)% = 6.

Testing integer k > 1: only k = 2 gives an integer a (namely a = 6), since (k — 1)? must divide 6
36+6—14 28
and be a perfect square, forcing (k —1)?2 = 1. So a = 6, and % =5 = 4.

a, b, ¢ positive integers, b/a an integer, a,b,c in GP, AM of a,b,c is b+ 2. Find

Answer: 4

Q.12

n > 2 points on a circle; adjacent-point segments coloured blue, rest red. Red count = blue count.
Find n.

-1
Total segments = (g), blue (adjacent) segments = n. Setting (g) —n = n gives n(nz) =

2n=n—-1=4=n=>5.
Answer: 5
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Q.13

ny < no < ng < ng < ng positive integers summing to 20. Count the arrangements.

Setting a; = n; — (i — 1) converts the strictly increasing condition into a; < as < --- < aj with
> a; = 20—10 = 10 — the number of partitions of 10 into exactly 5 positive parts, equivalently parti-
tions of 5 into at most 5 parts, i.e. all partitions of 5: 5;4+1;34+2; 3+14+1;24+241; 24+14+14+1; 1+1+1+1+1
— a total of 7.
Answer: 7

Q.14

f(x) = |z| + 1, g(z) = 22 + 1; h(x) = max{f, g} for x < 0, min{f, g} for x > 0. Count points
where h is not differentiable.

For # < 0: f > gexactlyon [-1,0], soh =g =22 +1forz < —landh = f =1—2x
for —1 < x < 0; the one-sided derivatives at x = —1 are —2 and —1 — not differentiable there.
For z > 0: f < gon (0,1) (giving h = g = 22 + 1 there) and f < g reverses for z > 1 (giving
h = f = x4 1); derivatives at © = 1 are 2 and 1 — not differentiable. At 2z = 0: left derivative
(from 1 — z) is —1, right derivative (from 2% + 1) is 0 — not differentiable. Points: # = —1,0, 1.
Answer: 3

Q.15

1 d2
/0 4x3{d$2(1x )5}daz.

Integrating by parts (boundary terms vanish since u/(0) = u/(1) = 0 where u = (1 — 22)®): the
integral equals 120 fo (1 — z%)*dz. Substituting w = z%: = 60 fo w(l — w)*dw = 60 B(2,5) =
114! 1

—_— = — =2
60 - Gl 60 - 30

Q.16

Slope of the tangent to (y — 2°)? =z

(14222 at (1,3).
(y —5at) = (1 +22)? + 422(1 + 2%) = (1 + 2?)(1 + 522). At
6)

Implicit differentiation: 2(y — )
6)=12=9y —-5=3=1y =8.

(17 3) Y- x’ = 2, s0 4(yl - 5) (2)
Answer: 8

Q.17

—azr +sin(x — 1) +a TVr _
z+sin(z—1)—1 } B

—ah+sinh  (1—a)h+0O(h%) 1-
h+sinh 2h + O(h3) 2

=1+ /z — 2 exactly. For the base to be a well-defined

Largest nonnegative integer a such that hrri {
T—r

g e~ =

With h =z —1 — 0, the base is fora#1 (and — 0

for a = 1), while the exponent

<

1—
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1—a
positive real near x = 1 (required since the exponent is not an integer), we need 5 > 0, ie.
a < 1. Among nonnegative integers only a = 0 qualifies, giving limit (1/2)? = 1/4 as required;
a =1 gives limit 0, and a > 2 makes the base negative (undefined real power).
Answer: 0

Q.18

f:10,47] — [0, 7], f(x) = cos~!(cosx). Number of solutions of f(z) = 10~ .

10
f is the triangular wave: z, 2r—z, —2m, 47—z on the successive intervals [0, ], [, 2], [27, 3], [37, 47].
Solving against the line 1 — x/10 on each branch gives x = 10/11 ~ 091 € [0,7] (valid),
x = (20m — 10)/9 ~ 5.87 € [m, 27| (valid), z = (10 + 207)/11 ~ 6.62 € [27,3n] (valid), and
x = (407 — 10)/9 ~ 12.85 ¢ [3m, 47| ~ [9.42,12.57] (invalid). So 3 solutions.
Answer: 3

Q.19

dy(P),de(P) = distances from x —y = 0, x +y = 0. Area of the first-quadrant region with

For (z,y) in the first quadrant, d; + do = = - y[\—%(ac +v) = v2max(z,y). The condition
becomes /2 < max(z,y) < 21/2. This is the square of side 2v/2 (area 8) minus the square of side
V2 (area 2): 8 —2 = 6.

Answer: 6

Q.20

a l;, é non-coplanar unit vectors, pairwise angle w/3. @ x b+bxéc= pa + q5+ ré. Find (p? +2¢° +
2y /.2
r?)/q°.

Dotting with da, 5,5’ (using 4 - (€ x ¥) = 0 and cyclic invariance of the scalar triple product
V = [d,b,c]) gives three equations that solve to p = r = —q and V = p. The Gram determinant

1 1L 1
2
of three unit vectors with all pairwise dot products % is det % 1 % = %, so V2 = %, giving
T 1
2 2.,.,2 1 1 2z
2 T 5+1+35
p2:q2:r2:%.Thenp+q2+ =2 T 2 — 4,
q 2

Answer: 4



