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JEE Advanced 2019 — Paper 2 — Mathematics — Worked Solutions

Note: These are QuestlQQ Academy’s own worked solutions to the Mathematics section only of
this paper (Physics and Chemistry are outside QuestIQ Academy’s Math-only scope). Section 1 =
one or more correct; Section 2 = numerical value; Section 3 = list-match.

Q.1

2 1 3
Py, ..., Ps are the siz 3 X 3 permutation matrices; X = 22:1 P APE with A= |1 0 2
3 2 1

Summing P, APL over all ¢ € S3: each diagonal entry becomes 2(tr4) = 2(3) = 6, and each off-

6 12 12
diagonal entry becomes the sum of all off-diagonal entries of A, whichis12. So X = [ 12 6 12,
12 12 6

symmetric (B true), with diagonal sum 18 (C true), and X (1,1,1)" = 30(1,1,1)" so a = 30 (A
true). Since (1,1,1) is an eigenvector of eigenvalue 30, X — 30/ is singular (D false).
Answer: (A), (B), (C)

Q.2

1 1 1 2 x «x
P=(02 2],Q=10 4 0|, R=PQP .
0 0 3 r x 6

Direct computation of the (1,2) entries of PQ and QP gives 2z +4 and 2+ 2z, which can never
be equal, so no x makes PQ = QP (A false). Since R is similar to Q, det R = det Q = 48 — 4z for
all z, matching the stated expression plus 8 (B true). At x = 0, @ is diagonal with eigenvalue 6 for
eigenvector e3; the corresponding eigenvector of R is Pes = (1,2, 3)T, givinga =2,b=3,a+b=5
(C true). At z =1, det R =44 # 0, so R has no non-trivial null vector (D false).

Answer: (B), (C)

Q.3

n - (kD)7 . (B+2)7
B Zkzosm g Sin

n .2 (k+1)7
20 S0

fn)
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Writing N = n + 2 and using product-to-sum formulas along with Z =1 ! cos 2]3\,” = —1 and

Z;V:Ol cos % = 0, both sums simplify and f(n) = cos ;5. (A) f(4) = cos(7/6) = V3/2, true.
(B) lim f(n) = cos0 =1 # %, false. (C) f(6) = cos(m/8), so a = tan(m/8) = v/2— 1, which satisfies
a?+2a —1=0, true. (D) f(5) = cos(m/7), so sin(7cos™t f(5)) = sinw = 0, true.

Answer: (A), (C), (D)

Q.4
PROPERTYJ:mmH@ﬂ%ﬁ%Qeﬂﬁsﬁmw.PROPERTY%lmmHOﬂﬂﬁmQemﬁsﬁmw.

(A) f(x) = |z|: ratio = /]h|] — 0, PROPERTY 1 holds, true. (B) f(z) = 2?/3: ratio
= |h|Y/% — 0, PROPERTY 1 holds, true. (C) f(x) = z|z|: ratio — 41 from the right and —1 from

the left, limit fails to exist, false. (D) f(z) = sina: ratio ~ 1/h — oo, false.
Answer: (A), (B)

Q.5

f(x) =sin(rz) /2%, > 0; 11 < w3 < --- local mazima, y; < y2 < --- local minima.

Setting f’ = 0 reduces to tan(mx) = 72/2. Analysis interval-by-interval shows each maximum
zy lies in (2n,2n 4 3) (C true) and each minimum y, lies in (2n — 1,2n — 3), so y; < x1, making
(A) false. An asymptotic expansion of the root of tan(nt) = 7z /2 near t = % shows the gaps satisfy
Tpt1 — T > 2 (B true) and x,, — y, > 1 (D true) for every n.

Answer: (B), (C), (D)

Q.6
14 9l/3 4 ... 4 plf3

nt/? ((a oz T m)

The numerator ~ n4/ 3. The denominator sum is a Riemann sum: Z

=54, |a| > 1.

limy, 0

an—l—] 0 fO (a—f—w)2 -
m, so the denominator ~ n*3/(a(a + 1)). The limit becomes 3 50 (a +1)=54=ala+1) =
72=>a=8ora=-9.

Answer: (A), (D)

Q.7

flz)=(z—1)(z —2)(z —b), =[5 f(t)dt, x> 0.

= f changes sign —, 4+, —,+ at © = 1, 2,5, giving a local minimum at = = 1 (A true), a local
maximum at x = 2 (B true), and another local minimum at z = 5 — that is one maximum and two
minima, so (C) is false. Direct integration gives F'(x) = % — % + 17x —10z, and F(2) = =¥ <0,
the largest value F attains on (0, 5], so F'(x) # 0 throughout (0, 5) (D true).
Answer: (A), (B), (D)
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Q.8

Li:7=X, Lo:7T=k+puj, Ls:7=1+7+ + vk. For which Q on Lo do collinear P € Li,R € Ls
erist?

Writing @ = (1 —t)P + tR and matching coordinates forces t = ¢ (the y-parameter of @), with
P’s parameter = ¢/(q — 1) and R’s parameter = 1 /q — both well-defined precisely when ¢ # 0, 1.
SoQ=k—1jand Q=k+ 3jwork; Q =k (¢=0) and Q =k +j (¢ = 1) do not.

Answer: (A), (C)

Q.9
Sk (R)k ()
det (Z Mk 5 ETE%?’k) =0. Find Y 7;_ 2%
Using >k = n(nﬂ), S (k=n2""1 Y (k2 =n(n+1)2""2, 3 (} )3’“ = 4" the determinant

4
simplifies to n(n + 1)22"3(4 — n) = 0, giving n = 4. Then Zk 0 ki) 5 =3l
Answer: 6.20

Q.10

Five persons in a circle, hats of 3 colours, adjacent persons differ. Number of valid colourings.

Proper colourings of a cycle C,, with k colours number (k—1)"+(—1)"(k—1). Forn =5,k = 3:
2° — 2 =30.
Answer: 30.00

Q.11

S ={1,...,6}; independent events A, B; count ordered pairs (A, B) with 1 < |B| < |A]|.

Independence requires |A N B| = |A||B|/6. Checking all (a,b) with b < a < 6 for which 6 |
ab gives valid triples (a,b,c): (3,2,1),(4,3,2),(6,1,1),(6,2,2),(6,3,3),(6,4,4),(6,5,5). Counting
subset choices (g) (2:2) (2:‘5) for each and summing: 180 + 180 + 6 + 15 + 20 + 15 + 6 = 422.
Answer: 422.00

Q.12

[ > osec(15 + 5F) Sec(12 + (kH) )] in [—m/4,3m/4].

With 0, = %—i—%” (s0 01 —0) = m/2), the identity tan 041 —tan 0 = sec 0, sec Oy telescopes
the sum to tanf;; —tanfy = (2 — v/3) — (—(2 +v/3)) = 4. So the bracket is 1, and sec™*(1) = 0.
Answer: 0.00

Q.13

/”/2 3v/cos
o

do.
Vcosd + Vsin 6)°
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Substituting ¢ = v/tan # gives Vcosf = (1 + t*)~/* and df = %dt; remarkably the (1 + %)

factors cancel and the integral (after using the 6 — 7/2 — # symmetry to double it) reduces to
1

2f0 1+t4dt 3—2'
Answer 0.50

Q.14

G=2+j—k, b=1i+2)+k, ¢= ad+Bb. Projection of € on @+ is 3v/2. Minimize (¢— (@x 5)) - C.
G+b= (3,3,0), |a+ 5] =3v2,50 ¢ (d+ 5) = 18, giving a+ 3 = 2. Since d X b is perpendicular

to ¢, the expression reduces to ¢- ¢ = 6(a? 4+ o + 32). Substituting 8 = 2 — a gives 6(a? — 2a + 4),

minimized at o = 1, value 6(3) = 18.

Answer: 18.00

Q.15

f(z) = sin(rcosx), g(x) = cos(2rsinz). X ={f =0}, Y ={f =0}, Z={g=0}, W={g =
0}.

X ={kn/2} is an AP; Y = {kn/3} is also an AP and contains 7/3,27/3, 7
Answer: (II), (Q), (T)

Q.16

Continuing Q.15°s setup: match Z and W.

Z (solving cosx = :l:%,:l:%) has irregular spacing — not an AP. W = {¢’ = 0} works out
0{0,%,5, 5éT ST, %’T, 37”, HT” (mod 27), an irregular (non-AP) pattern that nonetheless contains
{7r/2 3w /2,4m, 7w} and {x/6,77/6,137/6}.

Answer: (IV), (P), (R), (S)

Q.17

Circles C1 : 22 +y?> =9, Cy : (x —3)2 + (y — 4)? = 16 meet at X,Y. Cs has centre collinear with
C1,Cy’s centres, contains both, and is internally tangent to each. Line XY meets C5 at Z,W.

Solving the tangency conditions gives Cs centre (h,k) = (2,%2), radius 6, so 2k + k = 6. The
radical axis XY is 3z + 4y = 9; its chord in C; has length 24/5, and its chord in C3 (using the
distance from (£, 42) to the line, 6/5) has length 24v/6/5. The ratio ZW/XY = /6.

Answer: (II), (Q)

Q.18

Continuing Q.17’s setup: the tangent to C at the tangency point M is also tangent to the parabola
22 = Say.

M = (—9 ——) the tangent line there is 3z + 4y 4+ 15 = 0. Substituting into z?> = 8ay and
setting the discriminant to zero gives a = 10/3, matching List-II's (U) — so (IV), (U) is correct
while (IV), (S) = 21/5 is the only incorrect pairing.
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Answer: (IV), (S) — the only INCORRECT combination



