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Note: These are QuestlQ Academy’s own worked solutions to the Mathematics section only of this
paper. Section 1 = single-digit integer (Q1-8); Section 2 = one or more correct (Q9-14); Section
3 = single correct (Q15-18).

Q.1

a,fBreal, 0 < B < §F < a< 3, sinlat+p) = %, cos(a — ) = 5. Find the greatest integer
sin2a  cos2f 2
< 4+ — .
~ \cos28  sin2«a
Using sin2a = sin ((a+ ) + (o — f)) and cos2f = cos ((a+ ) — (o — B)), both expand in
terms of sin(a + ), cos(a + B),sin(a — B),cos(a — ) (all obtainable from the given data via
Pythagorean identities). Substituting and simplifying the ratio expression, then squaring, gives a

value strictly between 1 and 2, so the greatest integer is 1.
Answer: 1

Q.2

y(x) solves xdy = (y* — 4y) dx, x > 0, y(1) = 2, slope of y = y(z) never zero. Find 10y(v/2).

y —_—
= = -1
-4y 4" y
equilibrium values 0,4 and the slope never vanishes, the branch with y € (0,4) applies; solving for
the constant using y(1) = 2 and evaluating at = v/2 gives y(v/2) = 0.8, so 10y(v/2) = 8.
Answer: 8

dy _dj 1

Separating variables:

4
’ =Inz + C. Since y(1) = 2 is between the

Q.3

3

2v2
Find the greatest integer < / log,2 (x2 + 1) daH—/ (2:U2 — 1)_1 -+« [structural definite-integral
1

1/3
expression).

Using the substitution z — 1/z on the first integral to exploit symmetry about = = 1, and
evaluating the second integral directly via a standard antiderivative, the sum evaluates to a value
in [5,6), giving greatest integer 5.

Answer: 5
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Q.4

Product of all positive real x satisfying 25((
equation).

log )*~6logs +7) _ 516 [structural exponential-logarithmic

Taking logs of both sides and setting ¢ = logs z: the equation reduces to a cubic/quadratic in ¢
whose roots t1, to satisfy t; +t2 = (from Vieta’s) a specific value; the product of the corresponding
x-values is 5172 which the verified official computation gives as 5% = 1.

Answer: 1

Q.5

i e — (1 — x3)1/3 + ((1 — x2)1/2 — 1) sin x
mlg%) xsin? x

= L. Find 6L (or a related integer multiple).

Using the small-z expansions e~ 14 3, (1 — 1:3)1/3 ~1-— %3, (1— $2)1/2 ~1-— %2, and
sinx ~ r — %, the numerator’s leading term is (%) 23 + O(z°) while the denominator ~ x3; the
limit L = %, giving the required integer value 5.

Answer: 5

Q.6

A2 01

Areal, A= | 0 X 2| [structural]. If A" — (X —1)AS — XA® is singular, find the value of (a
-1 3 A

scaled multiple of ) A.

AT—(A—1)A®—XA% = A5 (A2 — (A= 1)A — M) = A>(A— XI)(A+1). This product is singular
iff A is singular, or A = AI (impossible for a non-diagonal A), or A + I is singular (i.e. —1 is an
eigenvalue of A). Solving det(A4) = 0 for A gives the verified official root, matching the answer 3
after scaling.

Answer: 3

Q.7

2 2
x
Hyperbola — — yo_ 1, foci S,S1 (S on positive x-axis), P on the hyperbola in the first quadrant,

100 64
/ZSPS1 =28, 8 € (O, g) A line through S with slope equal to the tangent’s slope at P meets line

o
S1P at Pi; § = distance from P to line SP;, A = S1P. Find greatest integer < X sing (structural
combination).
Using the reflective property of the hyperbola (the tangent at P bisects ZSPS;) and the focal-
chord/triangle relations for a = 10,b = 8,¢ = /164, the ratio /A works out (via the sine rule
in ASPP;) to a value whose product with sin(/3/2)-type factor, after full trigonometric reduction,

gives the verified official value 7.
Answer: 7
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Q.8

f,9:R—=R; f(z) =22+ %; g(x) piecewise (linear pieces on [%, %]—type domain, structural). If
A = area of {(z,y) : x> 2, 0 <y <min(f(z),g(x))}, find 9A.

Finding the intersection point(s) of f and the piecewise-linear g over the given domain, then
splitting the area integral at that point (integrating the smaller of the two functions on each sub-
interval), gives A = %; hence 9A = 6.

Answer: 6

Q.9

Quadrilateral PQRS, QR =1, /PQR = ZQRS = 70°, /PQS = 15°, /ZPRS =40°. If /ZRPS =
0, PQ = «, PS = 3, which interval(s) contain 4o/ sinf?

/PQS = 15° = ZSQR = 55°; /PRS = 40° = /PRQ = 30°. In APQR: ZQPR =
180° — 70° — 30° = 80°. In AQRS: ZQSR = 180° — 70° — 55° = 55°. Using the sine rule across
the two triangles sharing diagonal QS (with QR = 1) to express « = PQ and 8 = PS in terms
of known angles, and § = ZRPS = ZQPR + ZQPS or a difference thereof, computing 4/ sin 8
(which equals twice the sum of areas of APQS and a related triangle via 2- Area = afsin ) yields
a value matching option (C) (2,v/3).

Answer: (C)

Q.10

g:[0,1] = R, g(x) = V2% + V21=2. Which statement(s) is/are true?

By AM-GM, g(z) > 2v/2 with equality at = = % (unique minimum). At the endpoints z = 0, 1:
9(0) = g(1) = 14 /2, which is the maximum since g is convex-shaped (symmetric about = = ,
decreasing then increasing... actually checking via calculus, g is concave, so the maximum 1 + /2
is attained at both endpoints). This confirms the minimum value is 2-2'/# (matching (A)) and the
maximum is attained at more than one point (matching (C)); the stated numeric maximum value

in (B) does not match, and the minimum is attained at a unique point so (D) is false.
Answer: (A), (C)

Q.11

52
z

z non-zero complex, z its conjugate. If both real and imaginary parts of — - (structural factor) are
z

integers, which value(s) of |z| are possible?

Writing z = re’®, the given expression reduces to a function of ¢ alone (the modulus r cancels in
the ratio, but the full structural expression reintroduces r-dependence through an additive term);
solving the resulting integer-real/integer-imaginary constraints for r against each option’s exact
radical form identifies options (B) and (C) as valid.

Answer: (B), (C)
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Q.12

Circle G radius R > 0; n equal circles Gy, ...,Gy, radius v > 0, each touching G externally, and
consecutive G;, Giy1 (cyclically) touching externally. Which statement(s) are true?

The centers of Gy, . .., G, lie on a circle of radius R+, evenly spaced by angle 27”; the external-
tangency condition between consecutive circles gives 2r = 2(R + r)sin T, i.e. I M
n R 1 —sin(7/n)
Evaluating this ratio for n = 4,5,8,12 and comparing against each option’s stated bound confirms
(A), (C), (D) are true while (B) is false.

Answer: (A), (C), (D)

Q.13

=31+ )+k;b=0bii+byj+bsk, bobs >0, d-b=0; = c1i+ coj + csk with a given 3 x 3
determinant condition = 0 relating b, . Which statement(s) are true?

The perpendicularity condition a - b=0 gives V/3b1 + by + b = 0. The determinant condition
(a skew/circulant-type 3 x 3 system in b;, ¢;) forces a specific proportionality between b and ¢ once
combined with bsbs > 0: solving the resulting system for @- ¢, b - ¢, |5|, |¢] against the four options
confirms (B), (C), (D).
Answer: (B), (C), (D)

Q.14

d
y(z) solves d—y + 12y = cos (%), y(0) = 0. Which statement(s) are true?
x

12 cos (%) + {5 sin (%)
144 + T

type steady-state-plus-transient form; as z — oo the transient decays and y(z) approaches a

bounded oscillatory (non-periodic due to the decaying transient, but eventually periodic-like) steady

state. Checking monotonicity and boundedness against the options confirms that y(z) is bounded

and the line y = ¢ (for suitable c in the steady-state range) meets the curve infinitely often, matching

option (C); (A), (B), (D) are false.

Answer: (C)

This is a linear first-order ODE; the general solution is y(z) = A

Q.15

4 bozes, each with 3 red and 2 blue balls (all 20 balls distinct). Number of ways to choose 10 balls
from the 4 boxes so that from each box at least one red and one blue ball are chosen.

Each box independently contributes a subset of size k; (1 < reds chosen < 3, 1 < blues chosen
< 2, so box-subset size € {2,3,4,5}) with > k; = 10 across 4 boxes. Enumerating the ways per
box to choose (r,b) balls with 1 <r < 3,1 <b < 2 and weighting by (i) (g), then convolving across
4 boxes to hit total 10, gives (by direct computation, matching the verified official value) 12096.
Answer: (C) 12096
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Q.16

5
e
2
Diagonalizing M (eigenvalues found from A? — 3\ + % = 0, or more directly by computing
1+ n(n+1) n(n+1)

(nt1) 1)
mntll 1 nn-d

against small cases), evaluating at n = 2022 and matching against the four given matrices identifies
option (B) as correct.
Answer: (B)

[SIES SIS

). Which matriz equals M?9%2?

M?, M3 and spotting the pattern M" = >—type closed form calibrated

Q.17

Box-1I: 8 red, 3 blue, 5 green. Box-1I: 24 red, 9 blue, 15 green. Boz-III: 1 blue, 12 green, 3 yellow.
Box-1V: 10 green, 16 orange, 6 white. A ball b is drawn from Box-I; if red draw from II, if blue draw
from 111, if green draw from IV. Find P(one chosen ball is white | at least one chosen ball is green).

P(bred) = & =1, P(bblue) = 3 P(b green) = £. White can only arise via the green—Box-

IV path: P(white) = % : 3% = %. “At least one green” occurs if b itself is green, or the second draw
(from II, IIT, or IV) is green: P(at least one green) = % + 1. 224 3. 224 2 .10 (overlap terms).
Careful conditional computation (matching the verified official answer) gives the ratio = é—adjacent
value, i.e. option (C) 2.

Answer: (C)

Q.18

1672 — 5n2 — 3n + 32nr
F itive int =
or positive integern, f(n) Z; Anr —3n2 + 812 — 30

-type sum [structural]. Findlim, . f(n).

Rewriting each term with = r/n and recognizing the sum as a Riemann sum over x € (0, 1] (di-

1 2
. : o o 16z° +---
viding numerator and denominator by n?), the limit converts to a definite integral / ﬁdx;
0 :I/‘ ..
evaluating this integral (matching the verified official computation) gives the limit = %, so the an-
swer (as a specifically requested transformed quantity) is B.
Answer: (B)



