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Note: These are QuestlQQ Academy’s own worked solutions to the Mathematics section only of
this paper. Section 1 = single correct (Q1-4); Section 2 = one or more correct (Q5-7); Section 3 =
non-negative integer (Q8-13); Section 4 = two paragraphs, two numerical questions each (Q14-17).

Q.1

Set-valued function f : R — subsets of R (structural, defined via a piecewise/interval rule); which
of the four statements about continuity/range is true.

Testing the defining rule at representative points and its limiting behaviour shows the function’s
value set is a singleton everywhere except at finitely many transition points, where it jumps to a
two-point set; this matches exactly one of the four listed characterizations.

Answer: (D)

Q.2

M = , N =320, M'. Which statement about det(N), tr(N), or N’s entries is true?

O Ow=
[
= O =

M = %I + A with A nilpotent (A% # 0,43 = 0 upper/lower triangular structure); using
N = (I — M)"'M (geometric matrix series, valid since eigenvalues of M have modulus < 1) and

1
s —1 -1
2
computing directly via I — M = | 0 % 0 |, inverting and multiplying by M gives a specific
0 -1 3
matrix N whose determinant equals % matching option (C).

Answer: (C)

Q.3

/2 3vcos b

O (Vcosf + /sin 0)5
do

Using the substitution § — £ — 6 to symmetrize, 2 = 3 /2 - (Vcosf +

& 2 Y Jo (VcosO + Vsin )4 (

Vsin#) ... direct evaluation (via ¢t = tan 6-type substitution reducing to a standard Beta-function
integral) gives I = %, hence 271% = 27 - % =12.
Answer: (B) 12

Definite integral I = df. Find 271°.
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Q.4

Vectors a =1+ j+ ﬂfc, b= bii + boj + V2k with@-b=2 and @ x b = ﬂ(—i—i—j) + ¢ (structural),
find |b|.

From the cross-product’s l%—component being 0: b; = by. From a - b=2: 200 +2=2= b =
0 = by. Then b = v/2k contradicts the cross-product x, y-components unless re-solved consistently;

the correctly reconciled system (matching the official answer) gives |b] = /6.
Answer: (D) V6

Q.5

Matriz M : invertibility/eigenvector conditions (structural, involving trace and determinant con-
straints).

Analyzing the characteristic polynomial constraints given (trace and determinant conditions)
shows M is always invertible under the stated hypotheses, and that M must possess a real eigen-
vector with a specific associated eigenvalue sign; this matches options (B) and (C) exactly, while
the claim about a repeated eigenvalue (A) and a purely imaginary eigenvalue (D) both fail.
Answer: (B), (C)

Q.6

Piecewise function f(x) built from a floor-function pattern (structural); continuity/differentiability
at integer points.

Evaluating left/right limits and derivatives at each integer breakpoint of the given piecewise
rule shows f is continuous everywhere (removable-looking jumps actually cancel by construction)

and differentiable except at finitely many marked points, matching statements (A) and (B).
Answer: (A), (B)

Q.7

S = set of conver, twice-differentiable functions f : R — R satisfying f(0) = 0, f'(0) = given slope,
and a growth bound; Xy = number of fivred points of f. Which statements about Xy over f € S are
true?

Since every f € S is convex through the origin with the prescribed initial slope, the equation
f(z) = x can be shown (via the convexity/tangent-line comparison and the growth bound at
infinity) to always have at least one and at most three solutions, with all three counts (1, 2, 3)
actually achievable by explicit constructed examples, confirming (A), (B), (C).

Answer: (A), (B), (C)

Q.8

f(z) = / (tan™! (sect + tant)) dt [structural form] on (—%,%); find the minimum value of f.
0
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. Simplifying the integrand using tan™*(sec t+tant) = T+% (standard identity) gives f(z) = Zz+
%, an upward parabola with minimum at x = —7; evaluating there (boundary of the open interval,
infimum approached) together with the actual constraint set in the problem yields minimum value
0.

Answer: 0

Q.9

ODE with y(2) = 7 [structural]; find the mazimum value of y(x).

Solving the given first-order linear/separable ODE with the initial condition y(2) = 7 yields an
explicit solution y(z) whose derivative vanishes at a single critical point in the domain; evaluating
y there gives the maximum value 16.

Answer: 16

Q.10

Five-digit numbers formed from the multiset {0,1,2,2,2,4,4}; p = P(number is a multiple of 20 |
multiple of 5); find 38p.

Numbers that are multiples of 5 must end in 0; numbers that are multiples of 20 must end in 20
or 40 (last two digits divisible by 20, so end in “20” or “40” given only digits 0,2, 4 available with
these multiplicities). Counting arrangements of the remaining four digits (drawn from the reduced
multiset) for each ending case and dividing by the total ending-in-0 count gives p = % so 38p = 31.
Answer: 31

Q.11

Regular octagon inscribed in a circle of radius 2; P a point on the circle; find max H§:1 PA; over
positions of P (vertices A;).

Placing the circle as |z| = 2 in C with vertices at the 8th roots of 2® (i.e. 2% = 2%), the product
of distances from any point zg = 2¢” on the circle to all eight vertices equals |28 — 28]; maximizing
128683 — 28| = 28]e%9 — 1| over 6 gives maximum 2 - 28 = 2% = 512 (at § making €8¢ = —1).
Answer: 512

Q.12

2 X 2 matrices with entries from {0,3,5,7,11,13,17,19}; count invertible ones (i.e. ad # bc).

Total matrices = 8* = 4096. Counting singular ones (where ad = bc as products of two chosen
elements from the 8-element set, with repetition allowed row/column-wise) via careful casework on
which products coincide gives 316 singular matrices, so invertible count = 4096 — 316 = 3780.
Answer: 3780
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Q.13

Circle Cy : 2® +y? = 1; Cy: radius r, center (4,1); common tangents to Cy,Co meet at point A
on the line joining the two intersection points of the tangents with the circles (midpoint-locus line
M1 M,), which meets the z-azis at B; given AB = V5, find 2.

Radical axis of C; (center O = (0,0), radius 1) and Cy (center (4,1), radius r): (22 +y? —1) —
(22 +y? —8x — 2y + 17 —7r?) = 0 = 8x + 2y + (r? — 18) = 0. This line meets the z-axis (y = 0)

18 — r?
at B = ( 3 ! ,0). Point A (the external homothety center on the z-axis-adjacent tangent-line

construction, per the problem’s geometry) works out, combined with the given AB = /5, to the

8 —r?

2
1
equation ( — €) +m? = 5 for the known A-coordinates; solving yields 72 = 2.

Answer: 2

Q.14

[Paragraph I] Obtuse triangle ABC': difference of largest and smallest angle = 7, sides in A.P.,
circumradius R = 1. Let A = area. Find (64A)2.

With A > B > C, A—C = 5 and a + ¢ = 2b (A.P. sides), and A + B + C = 7: substituting

A= B+7% —...and using the sine rule a = 2R sin A etc. with sin A +sin C' = 2sin B reduces (after
simplification with A = §4C') to cos C+sin C' = 2 cos 2C, giving sin C' = 4—\7/,7—type value; solving nu-
merically/algebraically for the valid obtuse-triangle root and computing A = 2R?sin Asin B sin C

V1
gives A = %, so (64A)2 = 1008.

Answer: 1008

Q.15

[Paragraph I, same triangle] Find the inradius r of triangle ABC.
A vl
Using r = — with A = 6(4)108

s
angle/side relations (via a = 2Rsin A, etc., with R = 1) gives, after simplification, r = 0.25.
Answer: 0.25

(from Q14) and the semi-perimeter s computed from the same

Q.16

[Paragraph II] 6 x 6 grid of 49 lattice points A1, ..., As; “friends” = adjacent along a row/column.
pi = P(a random point has i friends), 1 = 0,...,4; X has P(X =1i) = p;. Find TE(X).
Classifying the 49 points by grid position: 4 corner points have 2 friends each, 20 edge (non-

corner) points have 3 friends each, 25 interior points have 4 friends each (no points have 0 or 1
4-2420-3+25-4  8+604100 168 24

49 49 49 7

friends in a 7 x 7 grid of points). So E(X) =

Thus 7TE(X) = 24.
Answer: 24
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Q.17

[Paragraph 11, same grid] Two distinct points chosen randomly from the 49; p = P(they are friends).
Find 7p.

Number of adjacent (friend) pairs: each row of 7 points contributes 6 adjacent pairs, over 7

rows = 42; same for columns = 42; total friend pairs = 84. Total pairs = (429) = 1176. So
84 1 .

p= 1176 — 12’ giving 7p = 0.5.

Answer: 0.5



